Abstract. By a theorem due to Kato and Ohtake, any (not necessarily strict) Morita context induces an equivalence between appropriate subcategories of the module categories of the two rings in the Morita context. These are in fact categories of firm modules for non-unital subrings. We apply this result to various Morita contexts associated to a comodule Σ of an A-coring C. This allows to extend (weak and strong) structure theorems in the literature, in particular beyond the cases when any of the coring C or the comodule Σ is finitely generated and projective as an Amodule. That is, we obtain relations between the category of C-comodules and the category of firm modules for a firm ring R, which is an ideal of the endomorphism algebra End C (Σ). For a firmly projective comodule of a coseparable coring we prove a strong structure theorem assuming only surjectivity of the canonical map.
Introduction
There is a long tradition of using Morita theory in the study of Hopf-Galois extensions and by generalization Galois corings and Galois comodules, see e.g. [15] , [16] , [1] , [10] , [4] . One of the applications of Galois theory within the context of corings and comodules is corresponding (generalized) descent theory. That is, a study of the adjoint Hom and tensor functors between the category of comodules over a coring and the category of modules over an appropriately chosen algebra. In particular to find sufficient and necessary conditions for these functors to be full and faithful. Results of this kind are referred to as (weak and strong) structure theorems. If a coring C is finitely generated and projective as left A-module, then its category of right comodules becomes isomorphic to the category of modules over the dual ring * C. Hence Galois theory for such a coring describes in fact functors between two module categories, which explains the relation with Morita theory. Although in general Morita contexts for comodules can be constructed without any finiteness restriction on the coring C, strictness of these Morita contexts implies such a finiteness condition for C, and usually as well for the comodule Σ, appearing in the Morita context (see [4, Lemma 2.5] ).
The standard result in Morita theory says that the connecting maps ▽ and of a Morita context (A, A ′ , P, Q, ▽, ) are bijective (or equivalently surjective, if the algebras A and A ′ have a unit) if and only if the Morita context induces an equivalence of the module categories M A and M A ′ . It was a natural question to pose how distinct any Morita context is from an equivalence of categories. This question has in fact two categorically dual answers which were found by several authors. They say that any Morita context induces an equivalence between certain quotient categories of the original module categories (see [24] ) as well as an equivalence between certain full subcategories of the original module categories (see [22] ). The occurring full subcategories consist of firm modules over the (possibly non-unital) rings P ▽ Q and Q P . In this paper we will extensively use this latter result by Kato and Ohtake [22] .
Firm rings and firm modules did appear in coring theory as a tool to construct comatrix corings beyond the finitely generated and projective case. Recall that a (unital) bimodule (over unital rings) possesses a dual in the bicategory of bimodules -hence determines a comatrix coring -if and only if it is finitely generated and projective on the appropriate side. Without this finiteness property it may have a dual only in a larger bicategory. In [18] it was assumed that a bimodule has a dual in the bicategory of firm bimodules over firm rings and a Galois theory in this setting was developed.
The aim of this paper is to merge ideas of the Kato-Ohtake Theorem on equivalences between categories of firm modules induced by Morita contexts, with the application of Morita theory within the framework of comodules for corings. In relation with various questions, a number of Morita contexts has been associated to a comodule. Their strictness was shown to imply (weak and strong) structure theorems. Hereby we revisit some of these Morita contexts and derive corresponding structure theorems by means of the Kato-Ohtake Theorem. Since in this way strictness of the Morita context is no longer requested, we extend existing structure theorems in two ways. First, the coring C will not have to be finitely generated and projective over its base ring A, and secondly, the comodule Σ will no longer have to be finitely generated and projective over A. As a consequence, our structure theorems relate the category of C-comodules to a category of firm modules for a firm ring (instead of unital modules for a unital ring). That is, the framework developed in [18] is applied.
Another application of our theory is to coseparable corings. It is known that coseparable corings provide a class of examples of firm rings (see [7] ). In particular, Galois theory for comodules over a coseparable coring can therefore be reduced to Morita theory between firm rings. Applying Morita theory over firm rings, in particular the Kato-Ohtake Theorem, to this situation, we are able to prove stronger results than for arbitrary corings. Most importantly, we show that, for a firmly projective comodule of a coseparable coring, surjectivity of the canonical map implies its bijectivity and this condition is equivalent to a Strong Structure Theorem (see Theorem 2.18) . This theorem improves [28, Corollary 9.4] , [30, 5.7, 5.8] , [10, Proposition 5.6] and is ultimately related to [26, Theorem I] . The proof of Theorem 2.18 does not make use of any projectivity property of the coring as a module over its base, thus it differs drastically from the proofs in the papers cited above.
The paper is organized as follows. In the first section we study, and recall facts about, general Morita theory. In Section 1.1 we collect some properties of firm rings and study their relation with idempotent rings and corings. Section 1.2 is devoted to a full proof of the Kato-Ohtake Theorem (which is included for sake of completeness) and some related results. In Section 1.3 we develop a technique to reduce a general Morita context to a strict Morita context over firm rings. In Section 1.4 properties of Morita contexts between firm rings are discussed. The results of the first section are applied to particular Morita contexts associated to comodules in Section 2. The theory of [18] can be applied if, for a given comodule Σ of an A-coring C, one can find a firm ring R together with a ring morphism R → End C (Σ), such that Σ is R-firmly projective as a right A-module. If Σ is a finitely generated and projective right A-module, then R can be taken equal to End C (Σ). In Section 2.1 we consider a canonical Morita context associated to Σ as a right A-module and making use of it, we describe a situation when one can find such a firm ring R in a general setting. In [4] , generalizing a construction in [10] , we associated a Morita context to any Ccomodule Σ, which connects the endomorphism ring End C (Σ) with the dual ring * C of C. Its strictness was related to structure theorems. Using the results in Section 1, we can weaken the assumptions made in [4] . That is, instead of assuming surjectivity of the connecting maps, we make only assumptions on properties of its range. We apply a similar philosophy to reconsider in Section 2.2 a Morita context associated to a coring extension in [4] . Recall that two objects in a pre-additive category determine a Morita context of the hom-sets. In Section 2.3 we use this method to associate a canonical Morita context to two comodules, and show how the structure theorems of these comodules are related. In particular, starting with one comodule Σ, in a favourable situation (see Theorem 2.11), we associate a second comodule B to it, for which the strong structure theorem holds. Comparing the resulting Morita context, determined by the two comodules Σ and B, with the Morita context associated to Σ in Section 2.1, we derive structure theorems for Σ. In final Section 2.4 we consider a Strong Structure Theorem for a firmly projective comodule Σ over a coseparable coring C.
Notations and conventions For any object X in a category A, we denote the identity morphism on X again by X.
Throughout the paper a ring means a module R over a fixed commutative ring k, together with a multiplication, i.e. a k-module map R ⊗ k R → R satisfying the associativity constraint. When there is no risk of confusion, multiplication will be denoted by juxtaposition of elements of R. In general, we do not assume that the multiplication admits a unit. In the case when it does, i.e. there is an element 1 R in R such that r1 R = r = 1 R r, for all r ∈ R, then we say that R is a ring with unit or a unital ring. A right module for a non-unital ring R (over a commutative ring k) is a k-module M together with a k-module map M ⊗ k R → M, m ⊗ r → mr, satisfying the associativity condition m(rr ′ ) = (mr)r ′ , for m ∈ M and r, r ′ ∈ R. The category of all right R-modules is denoted by M R . By convention, for a unital algebra R we consider unital modules only. That is, right R-modules M, such that m1 R = m, for all m ∈ M. The category of unital right modules of a unital ring R is denoted by M R . Hom-sets in M R and also in M R will be denoted by Hom R (−, −). The categories R M and R M of left R-modules are defined symmetrically, and hom-sets are denoted as R Hom(−, −). The categories of R-bimodules will be denoted by R M R and R M R , respectively, with hom-sets R Hom R (−, −).
As in [18] , the term ideal will be slightly abused in the following sense. Let ι : R → T be a morphism of (possibly non-unital) rings. If R is a left T -module such that ι is left T -linear with respect to this action, then we will call R a left ideal for T , even if ι is not necessarily injective. In particular, [18, Lemma 5.10] applies to this situation.
Let A be a ring with unit. An A-coring is a coalgebra (comonoid) in the monoidal category A M A , i.e. a triple (C, ∆, ε), where C is an A-bimodule and the coproduct ∆ : C → C ⊗ A C, ∆(c) =: c (1) ⊗ A c (2) (Sweedler notation, with implicit summation understood) and the counit ε : C → A are A-bimodule maps that satisfy ( (2) , for all c ∈ C. A right C-comodule consists of a right A-module M together with a right A-linear
and
The category of all right C-comodules and right C-colinear maps will be denoted as M C and its hom-sets will be denoted by Hom C (−, −). The category C M of left C-comodules, with hom-sets C Hom(−, −), is defined symmetrically. For the coaction ρ M on a left
is used, for m ∈ M. Let C be an A-coring and R any (not necessarily unital) ring. If M ∈ M C and M is a left R-module with multiplication map µ :
For an extensive study of corings and comodules we refer to the monograph [8] .
1. Morita theory 1.1. Firm modules. In this first section of somewhat preliminary nature, we collect some facts about firm rings and their firm modules.
Let R be ring, not necessarily having a unit. The Dorroh-extension of R is a ring with unit:R = R ⊕ k. Moreover, M R is isomorphic to the category MR of unital R-modules. The ring R is a two-sided ideal inR and for all M ∈ M R and N ∈ R M,
Let M be a right R-module. Then the right R-action on M induces a right R-linear
where m M,R is surjective and i is the obvious inclusion map. Therefore, MR = M if and only if µ M,R is surjective. A ring R is said to be idempotent if and only if
For an arbitrary ring R, a right R-module M is called firm if µ M,R is an isomorphism. In this case, the inverse of µ M,R will be denoted by
with implicit summation understood. The category of all firm right R-modules with right R-linear maps between them is denoted by M R . (This notation is justified by the fact that a module M of a unital ring R is firm if and only if it is unital.) In the same way, we introduce the category R M of firm left R-modules and left R-linear maps and the category R M S of firm bimodules where S is another ring. Taking M = R, we find µ R := µ M,R = µ R,M . Hence R ∈ M R if and only if R ∈ R M, i.e. µ R is an isomorphism with inverse denoted by d R . In this situation R is called a firm ring. This terminology is due to Quillen [25] . Examples of firm rings are rings with unit, rings with local units and coseparable corings (hence they can be constructed from split or separable extensions of (unital) rings [7] ). Clearly, firm rings are idempotent, but the converse is not true. We do have, however, the following result, extending [23, Proposition 2.5 (1)]. Note that, for any non-unital ring R, also R ⊗ R R is a non-unital ring, with multiplication
Theorem 1.1. Let R be a ring (not necessarily with unit) and put S := R⊗ R R which is a ring with multiplication (1.1). If R is idempotent, then the following statements hold.
Proof. (i). First remark that associativity implies
Since the functor − ⊗ R R : M R → M R is right exact, we find the following exact row
Since R is idempotent, we can write
and similarly for N ∈ R M. Take m ∈ M, n ∈ N and r ⊗ R r ′ ∈ S, then
Since R is idempotent, we can write any r ∈ R as r = i r i r ′ i . Therefore also
These computations show that there exist unique morphisms j 1 and j 2 which render the following diagram commutative.
Combining the isomorphisms, we find that
Then M is firm as a right R-module by the following sequence of isomorphisms.
(v). Follows immediately by (i) and (iv). (vi). By part
Since R is idempotent by assumption, MR = MS. S is a firm ring by part (iii), hence the obvious map MS ⊗ S S → M ⊗ S S has an inverse m ⊗ S ss ′ → ms ⊗ S s ′ . Thus the following sequence of right S-module isomorphisms holds.
The following proposition provides a tool to construct idempotent rings, and therefore firm rings in combination with the previous theorem. Proposition 1.2. Let C be an A-coring and T be an A-ring. If f is an idempotent element in the convolution algebra A Hom A (C, T ), then Im f is an idempotent ring.
Proof. Recall that multiplication in the convolution algebra A Hom A (C, T ) is given by 2) ), from which we immediately deduce that Im f is an idempotent ring. We can regard R as anR-coring (see [27, Lemma 2.1]), and ι makes T into an R-ring. Multiplicativity of ι corresponds exactly to the fact that ι is an idempotent element of the convolution algebraRHomR(R, T ). Therefore Im ι is an idempotent ring, which can also easily be verified directly. (ii) Let C be an A-coring, then the counit ε ∈ A Hom A (C, A) is clearly idempotent.
Hence R = Im ε is an idempotent ring. In this situation there holds moreover a similar statement for the C-comodules: for all M ∈ M C , we have M ∈ M R . Remark 1.4. Let R be a right ideal in a unital ring A. Regarding R as an R-A bimodule, there is a functor
Explicitly, for a firm right R-module M and m ∈ M, the action by a ∈ A on J R (M) ∼ = M comes out as
cf. [18, Lemma 5.11] . It is straightforward to check that restricting the A-action on J R (M) to R, we recover the original R-module M (in particular, J R (M) is firm as right R-module). That is to say, composing the functor J R : M R → M A with the forgetful functor M A → M R , we obtain the fully faithful inclusion functor M R → M R . Thus we conclude that both J R and the forgetful functor M A → M R are fully faithful.
Lemma 1.5. Let R be a right ideal in a (possibly non-unital) ring A. Then for any M ∈ M A such that MR = M, there is a canonical isomorphism
In particular, for any M ∈ M A , the isomorphism M ∼ = M ⊗ A R holds if and only if
Therefore, for all p ∈ P and a ∈ A,
Hence there exists a map M ⊗ A P → M ⊗ R P , m ⊗ A p → m ⊗ R p, which is easily seen to be the inverse of the epimorphism M ⊗ R P → M ⊗ A P , induced by the inclusion R → A. Theorem 1.6. An ideal R in a unital ring A is a firm ring if and only if R is an A-coring whose counit is the inclusion map R → A. Moreover, if these equivalent conditions hold, then the category of firm right R-modules is isomorphic to the category of comodules over the A-coring R.
Proof. Suppose first that R is a firm ring and define a coproduct d R : R → R ⊗ R R ∼ = R ⊗ A R. It has a counit given by the inclusion R → A. Conversely, if R is an A-coring with counit given by the inclusion R → A, then its coproduct ∆ R : R → R ⊗ A R, ∆(r) = r (1) ⊗ A r (2) satisfies r = r (1) r (2) . This implies that µ R is surjective, i.e. R is an idempotent ring. Applying Lemma 1.5 we find that R ⊗ A R ∼ = R ⊗ R R and we can easily check that ∆ R : R → R ⊗ A R ∼ = R ⊗ R R is a two-sided inverse for µ R .
Take any M ∈ M A . Using Lemma 1.5, under the above conditions we see that a It follows by Theorem 1.6 that if R is a firm ring and an ideal in a unital ring A, then the functor (1.2) can be interpreted as the forgetful functor from the category of comodules for the A-coring R to M A . Hence we obtain Corollary 1.7. Let R be a firm ring that is an ideal in a unital ring A. Then the functor J R : M R → M A has a right adjoint given by − ⊗ R R ≃ − ⊗ A R : M A → M R . Unit and counit are given, for all M ∈ M R and N ∈ M A , by
Clearly d M,R is an isomorphism for all M ∈ M R , yielding another proof of fullness and faithfulness of J R (cf. Remark 1.4).
1.2. The Kato-Ohtake Theorem. In this section we prove some results concerning Morita theory for general associative rings, with a focus on idempotent rings. This theory has been developed in a number of papers, see e.g. [22] , [24] . Morita theory over firm rings has already been considered in [9] (where firm rings are named unital rings), [23] and [19] (where firm rings are named regular rings), however some crucial points in the theory that will be of importance in this note are not treated in these papers.
Recall that a Morita context is a sextuple (A, A ′ , P, Q, ▽, ), consisting of two rings A and A ′ (with or without unit), two bimodules P ∈ A M A ′ and Q ∈ A ′ M A and two bilinear maps ▽ : P ⊗ A ′ Q → A and : Q ⊗ A P → A ′ , that are subjected to the following conditions
The interest in Morita contexts arises from the fact that they can be used to study equivalences between categories. A first step is the following well-known theorem that relates a Morita context to a pair of functors between module categories, together with natural transformations relating these functors. A nice formulation of this theorem makes use of the notion of a wide Morita context, introduced in [13] . Let A and B be two Abelian categories, then (F, 
The natural transformations ω and β are given by
. By the Eilenberg-Watts Theorem (for the Eilenberg-Watts Theorem over firm rings we refer to [27] ), we can write
The Kato-Ohtake Theorem says that, even without assuming that in a Morita context (A, A ′ , P, Q, ▽, ) the rings A and A ′ are firm and their bimodules P and Q are firm, there are (equivalence) functors −⊗Ā P : MĀ → MĀ′ and −⊗Ā′ Q : MĀ′ → MĀ, whereĀ := P ▽ Q andĀ ′ := Q P are two-sided ideals in A and A ′ , respectively. Our next task is to recall this result. We first prove the following Lemmata. Lemma 1.9. Let (F, G, ω, β) be a right wide Morita context between the categories A and B. If ω A is an isomorphism for all A ∈ A then (F, G) is an adjoint pair and F is a fully faithful functor.
Proof. If ω : GF → A is a natural isomorphism then ω −1 : A → GF is the unit, while β : F G → B is the counit for the adjunction (F, G). Since the unit ω −1 of the adjunction is a natural isomorphism, the left adjoint F is fully faithful. Proof. Suppose first that M is a firm right A-module. We have to show that ω M is an isomorphism. Since both µ M,A and ▽ are surjective, ω M is an epimorphism. Let us prove that ω M is also a monomorphism, i.e. Ker ω M = 0. To this end, consider the following commutative diagram in M A .
The upper row is exact as ω M is an epimorphism and the exactness of lower row follows from the fact that the functor − ⊗ A A is right exact. Since M is firm as a right A-module, µ M,A is an isomorphism. Furthermore,
Indeed, since ▽ is surjective, we can find for any element a ∈ A, a (not necessarily unique) element
A diagram chasing argument shows that surjectivity of
Therefore ω M is an isomorphism. Conversely, suppose now that ω M is an isomorphism. We need to show that M is a firm right A-module. For any m ∈ M, 
, whereĀ is a two-sided ideal in A, P is anĀ-A ′ bimodule and Q is an A ′ -Ā bimodule via the restrictedĀ-actions, ▽ : P ⊗ A ′ Q →Ā is given by corestriction of ▽ and : Q ⊗Ā P → A ′ is equal to the composite of the epimorphism Q ⊗Ā P → Q ⊗ A P with . Note that, for a firm rightĀ-module M, we know by Lemma 1.5 that M ⊗ A X ∼ = M ⊗Ā X for all X ∈ A M. Therefore the natural morphisms ω M and ω M in (1.4), corresponding to the original and restricted Morita contexts, are related by the following commutative diagram.
Thus we conclude by Lemma 1.10 that ω M is an isomorphism for all M ∈ MĀ. Conversely, if ω M is an isomorphism then µ M,Ā is a (split) epimorphism. Hence the vertical arrows in the above diagram are isomorphisms by Lemma 1.5. Therefore also ω M is an isomorphism, so M is a firmĀ-module by Lemma 1.10. Symmetrically, for a Morita context (A, A ′ , P, Q, ▽, ) one can consider the other restricted Morita context (A,Ā ′ := Q P, P , Q, ▽, ), where P is an A-Ā ′ bimodule and Q is anĀ ′ -A bimodule via the restrictedĀ ′ -actions, : Q ⊗ A P →Ā ′ is given by corestriction of and ▽ : P ⊗Ā′ Q → A is equal to the composite of the epimorphism P ⊗Ā′ Q → P ⊗ A ′ P with ▽. Then the morphism β N in (1.5) is an isomorphism if and only if N ∈ MĀ′. Clearly, iteration of the two constructions (in arbitrary order) yields a Morita context
with surjective (but not necessarily bijective) connecting maps.
be a Morita context of unital rings and consider the restricted Morita context (1.7). Then there is an equivalence of categories
Proof. Consider the following diagram of functors
where JĀ and JĀ′ are defined as in (1.2). Recall from Remark 1.4 that JĀ(M) = M as (firm) rightĀ-modules, for any M ∈ MĀ. Hence we can apply Lemma 1.10 to the Morita context (1.7) to conclude that
In order to show that JĀ(M) ⊗ A P = M ⊗Ā P is a firm rightĀ ′ -module for all M ∈ MĀ, we construct the inverse for the multiplication
Thus we conclude that the functors − ⊗Ā P = (− ⊗ A P ) • JĀ : MĀ → MĀ′ and
• JĀ′ : MĀ′ → MĀ are well-defined. Moreover, (− ⊗Ā P , − ⊗Ā′ Q, ω, β) constitute a right wide Morita context between MĀ and MĀ′. Since ω and β are natural isomorphisms, it follows by Lemma 1.9 that the context induces an equivalence of categories.
Remark 1.13. By symmetry, any Morita context (A, A ′ , P, Q, ▽, ) with restricted form (Ā,Ā ′ , P , Q, ▽, ) in (1.7) induces as well an equivalence of categories
′ , P, Q, ▽, ) be a Morita context. In this section we extend the construction of an associated Morita context (1.7) with surjective connecting maps to appropriate (non-unital) subrings of P ▽ Q and Q P . Lemma 1.14. Let (A, A ′ , P, Q, ▽, ) be a Morita context and let B ⊆ Q P be an idempotent left ideal. That is, assume that BB = B and Q P B ⊆ B. In terms of B, introduce the ideal W := P B ▽ Q = P ▽ BQ in A. Consider P as a W -B bimodule and Q as a B-W bimodule via restriction. The (non-unital) rings B and W obey the following properties.
(i) Q P B = B;
(ii) W P B = P B and BQW = BQ;
Proof. (i) Using the assumptions that B is an idempotent ring (in the first equality) and that it is a left ideal (in the final inclusion), we obtain a sequence of inclusions
(ii) By construction of W and part (i), associativity of the Morita context implies W P B = (P ▽ BQ)P B = P B(Q P B) = P BB = P B.
(iv) Interchanging in part (iii) the role of A with A ′ , P with Q and with ▽, and replacing B by W and W by B ′ , we conclude that B ′ is an idempotent ideal. Moreover,
where the last equality follows by part (i). Since B is an idempotent left ideal in Q P ,
) be a Morita context and let B ⊆ Q P be an idempotent left ideal. Introduce the ideal W := P B ▽ Q in A. Consider P as a W -B bimodule and Q as a B-W bimodule via restriction. The B-reduced form of M is the Morita context
with connecting maps
One could consider many variations of the conditions on B, imposed in Definition 1.15. For example, B can be an ideal with respect to a ring morphism ι : B → Q P . Of course we can replace B by an idempotent right ideal, or as well consider the W -reduced form of M where W is an idempotent left ideal of P ▽ Q. It follows from the following lemma that these approaches lead to equivalent descriptions. Lemma 1.16. Let (A, A ′ , P, Q, ▽, ) be a Morita context. Then the following statements are equivalent.
(i) There exists an idempotent left ideal B ⊆ Q P , that is BB = B and Q P B ⊆ B; (ii) There exists an idempotent two-sided ideal
There exists a firm ring B together with a ring morphism ι : B → Q P such that B becomes a left ideal in Q P , that is B is a left Q P -module and ι is left Q P -linear; (iv) There exists a firm ring B together with a ring morphism ι : B → Q P such that B is a left A ′ -module and ι is left A ′ -linear; (v) There exists a firm ring B ′ together with a ring morphism ι :
′ becomes a two sided ideal in P Q, that is B ′ is a Q P -bimodule and ι is Q P -bilinear; (vi) All statements (i)-(v), where we interchange the roles of A and A ′ , P and Q, ▽ and .
Proof. (i) ⇒ (ii). Put B
′ := BQ P , as in Lemma 1.14 (iv). (ii) ⇒ (i). Trivial.
(i) ⇒ (iii). We know by Theorem 1.1 that B := B ⊗ B B is a firm ring. The multiplication on B composed by the inclusion map B ⊆ Q P defines a ring map ι : B → Q P , which is clearly left Q P -linear. (iii) ⇒ (i). Take B = Im ι. Then we know by Example 1.3 (ii) that B is an idempotent ring. Since ι is left Q P -linear, B is a left Q P -module. (iii) ⇒ (iv). Follows from the facts that Q P is a (left) ideal in A ′ and B is a firm
. Suppose B exists as in (i), then we know by Lemma 1.14 (iii) that W = P B ▽ Q is an idempotent two-sided ideal in P ▽ Q. This is the symmetric statement of (ii). The converse follows by applying the same symmetry again.
The next theorem provides us with a criterion to identify maximal ones among idempotent rings B in Lemma 1.14. Proof. Put I 1 = I. Consider I 2 ⊂ I 1 as the image of the multiplication map µ 1 : I ⊗ A I → I. Inductively, we define for all n ∈ N, I n as the image of the multiplication map µ n−1 : I ⊗ A I n−1 → I n−1 . Clearly every I n is a left ideal in I, hence also a left ideal in A. Since A is left Artinian, there exists an N ∈ N such that I N = I N +1 . 
A few comments relating the Morita contexts (1.8) and (1.9) are in order. (
That is, the two reduced forms (1.8) and (1.9) of a Morita context induce (up to isomorphism of categories) the same equivalence. (iv) Let us use the notations in Lemma 1.14 (iv), i.e. put B ′ = QW P . Consider the B-reduced and the B ′ -reduced forms of M, with
Then we have equivalences
In particular,
is an equivalence. Consider now the W -reduced form (W,
Thus we find that the B ′ -reduced and W -reduced Morita contexts give rise to the same equivalences of categories. Hence also the B-reduced and W -reduced forms give rise to the same equivalences (upto (1.11) ).
(v) Two points should be noticed here, which will be of importance later in this paper. First, we were able to reduce our original Morita context to a strict Morita context (1.9) that induces an equivalence between categories of firm modules over firm rings, and the functors are induced by firm bimodules. Second, it is possible to represent (at least) one of the functors by the original (possibly non-firm) bimodule from the original Morita context.
1.4.
Morita contexts with firm rings. We finish this section with extending some classical results in Morita theory (of unital rings) to the situation of Morita contexts over firm rings, which applies in particular to the reduced Morita context of the form (1.9). Theorem 1.19. Consider a Morita context M = (A, A ′ , P, Q, ▽, ), such that A is a firm ring and the connecting map ▽ is surjective. Then the following statements hold.
(
op ; (vi) Q ⊗ A A is a generator in M A and A ⊗ A P is a generator in A M; (vii) If in addition P is a firm left A-module or Q is a firm right A-module, then ▽ is bijective.
Proof. (i). Since A is a firm ring, it follows by Lemma 1.10 that
Hence there is an A-bimodule map
with implicit summation understood. Since ▽ is left A-linear,
Moreover, for p ∈ P , q ∈ Q and a ∈ A,
Thus P ⊗ A ′ Q is an A-ring with the stated product and unit u.
(ii). Follows directly form Lemma 1.9 and Lemma 1.10.
(iii). Consider the A-A ′ bimodule map
In terms of the map u : a → p a ⊗ A ′ q a in part (i), its inverse is given by
The other isomorphism Q⊗
The other natural isomorphism
As in the proof of part (i), Lemma 1.10 implies that ▽ ⊗ A A :
By [18, Lemma 5.10] , the combined isomorphism End A ′ (P ) ⊗ A A ∼ = A means exactly that A is a left ideal in End A ′ (P ). The other claim follows symmetrically.
(vi). To any p ∈ P we can associate a map
Hence it follows by the firm property of A that the evaluation map Hom
Since the map in the upper row is an epimorphism, we find that the map in the lower row is an epimorphism as well, i.e. Q ⊗ A A is a generator for M A . It follows by a symmetrical reasoning that A ⊗ A P is a generator in A M.
(vii). Assume that P is a firm left A-module. Since ▽ is surjective, it follows from Lemma 1.10 that ω M is an isomorphism for all M ∈ M A , so for M = A. Since ω A and ▽ differ by isomorphisms (µ A and µ A,P ⊗ A ′ Q), ▽ is an isomorphism, too. The case when Q is a firm right A-module is treated symmetrically.
Generalizing finitely generated projective modules over unital rings to firm modules over firm rings, the notion of firm projectivity was introduced in [27] . Since this notion plays a central role also in the present paper, in the next theorem we recall some facts about it (without proof). 
There is a non-unital ring map R → Σ ⊗ S Σ * , which induces the original left R-action on Σ.
Here Σ * := Hom S (Σ, S) and a (non-unital) multiplication in Σ ⊗ S Σ * is induced by the evaluation map. A bimodule Σ obeying these equivalent properties is said to be an R-firmly projective right S-module.
′ , P, Q, ▽, ) be a Morita context with unital rings A and A ′ and let R be a firm ring and left ideal in P ▽ Q. Then the following assertions hold.
(i) There exists an R-bimodule map △ : R → P ⊗ A ′ Q, such that (▽ • △)(r) = r, for all r ∈ R; (ii) R ⊗ R P is an R-firmly projective right A ′ -module.
Proof. The R-reduced Morita context (R, S := P R ▽ Q, R ⊗ R P, Q ⊗ R R, ▽, ) satisfies all assumptions in Theorem 1.19. Hence by Theorem 1.19 (i), there is an R-bimodule
In terms of u, introduce the composite map
where the rightmost arrow denotes the canonical epimorphism. The map △ is Rbilinear and satisfies (▽ • △)(r) = (▽ •u)(r) = r, for all r ∈ R.
(ii). R ⊗ R P is a firm R-A ′ bimodule hence the claim is proven by construction of a (non-unital) ring map
* , which is compatible with the left R-action on R ⊗ R P . Consider the left A ′ -module map
It can be used to construct an R-bimodule map
A straightforward computation yields  ′ (r 1 ) ′ (r 2 ) = r 1  ′ (r 2 ) for all r 1 , r 2 ∈ R hence, by its left R-linearity, multiplicativity of  ′ . Its compatibility with the left R-action µ R ⊗ R P follows immediately by associativity of a Morita context and part (i).
Applications to comodules over a coring
In this section we apply the theory developed in Section 1 to various Morita contexts associated to comodules of corings. Let C be a coring over a unital ring A and let Σ be a right C-comodule. Denote T = End C (Σ), then there exists a pair of adjoint functors
o o whose unit and counit are given by
for all N ∈ M T and M ∈ M C . Galois theory for the comodule Σ includes the study of this pair of adjoint functors, in particular it concerns the question whether these functors or their (co)restrictions are fully faithful. 
Morita contexts associated to a comodule. A first Morita context can be associated to a comodule Σ of an
If we putS = Σ ▽ Σ * , then we can restrict our Morita context to (S, A, Σ, Σ * ,▽, ), where we regard the restricted actions on Σ and Σ * , the corestriction ▽ of ▽ and the composite of the canonical epimorphism with . Since▽ is surjective by construction, we obtain by Lemma 1.9 and Lemma 1.10 an adjunction
Lemma 2.1. Let ι : R → S be a ring morphism where S is any (possibly non-unital, possibly non-firm) ring and R is a firm ring. Then the functor − ⊗ R S : M R → M S has a right adjoint given by − ⊗ R R : M S → M R .
Proof. Consider S as an R-bimodule with actions given by r · s · r ′ = ι(r)sι(r ′ ) for all r, r ′ ∈ R and s ∈ S. Let us first check that the functor − ⊗ R S : M R → M S is well-defined. Take any M ∈ M R , then M ⊗ R S is a firm right S-module, that is, the multiplication map
has a two-sided inverse
Finally, let us give the unit α and counit β for the adjunction, and leave other verifications to the reader.
for all M ∈ M R and N ∈ M S . Proposition 2.2. Let C be a coring over a unital ring A and Σ a right C-comodule. Consider the Morita context (2.4) associated to Σ as right A-module and putS = Σ ▽ Σ * as before. If there exists a firm ring R together with a ring morphism ι : R →S, then R ⊗ R Σ is R-firmly projective as a right A-module. If there exists moreover a ring morphism ι ′ : R → T = End C (Σ) then Σ (and therefore R ⊗ R Σ as well) is an R-C bicomodule.
Proof. Combining the adjunction (2.6) with the adjunction in Lemma 2.1, we find that the functor − ⊗ RS ⊗S Σ : M R → M A has a right adjoint given by − ⊗ A Σ * ⊗ R R, cf.
On the other hand, there is a natural isomorphism
Using the characterization of R-firmly projective modules in Theorem 1.20, we find that R ⊗ R Σ is R-firmly projective as a right A-module. Clearly, Σ ∈ R M C if and only if the left action of R on Σ induces a ring morphism R → End C (Σ).
Consider a coring C over a unital ring A and a firm ring R. Any R-A-bimodule Σ determines an adjunction
Since replacing the R-A bimodule Σ by R⊗ R Σ we obtain naturally isomorphic functors − ⊗ R Σ ≃ − ⊗ R R ⊗ R Σ : M R → M A , hence also the right adjoints are naturally isomorphic by
If in addition Σ is an R-C bicomodule, then we have the following pair of adjoint functors
If R is equal to the unital ring End C (Σ) then (2.8) reduces to the adjunction (2.1). Since M ⊗ R R ⊗ R Σ ∼ = M ⊗ R Σ as right C-comodules for all M ∈ M R , we find that the upper functors are naturally isomorphic, indeed. The natural isomorphism between the lower functors follows from the uniqueness of the right adjoint. Unit and counit of the adjunction (2.8) are given explicitly by (2.10) for N ∈ M R and M ∈ M C . In any case when R⊗ R Σ is an R-C bicomodule that is R-firmly projective as a right A-module, the theory developed in [18] can be applied to it. (We refer to [28, Section 4.2.5] for a more detailed treatment of structure theorems.) Above observations make it possible to translate occurring properties of R ⊗ R Σ to properties of Σ. Thus we obtain following Corollary 2.3. Let C be a coring over a unital ring A and Σ be a right C-comodule. Consider the Morita context (2.4) associated to Σ as right A-module and putS = Σ ▽ Σ * as before. Assume that there exists a firm ring R together with ring morphisms ι : R →S and ι ′ : R → T = End C (Σ). Then the following statements hold.
is an A-coring morphism; (iv) The inner and outer triangles of the following diagram of adjoint functors commute (upto natural isomorphism)
where F C denotes the forgetful functor; (v) There is an adjunction (− ⊗ R Σ, − ⊗ C Σ † ), where ⊗ C denotes cotensor product over C. Unit and counit of the adjunction are, for M ∈ M C and N ∈ M R ,
where the map
* , coming from firm projectivity of R ⊗ R Σ, and the isomorphism In a recent paper [4] we associated also another Morita context to a comodule. Consider a coring C over a unital ring A and a right C-comodule Σ. There exists a Morita context
7). By uniqueness of a right adjoint, there is a natural isomorphism
connecting the unital rings T := End C (Σ) and * C = A Hom(C, A). The bimodule Q is defined by
The two forms of Q are related by interchanging the order of the arguments and their parallel use should cause no confusion. The connecting maps are
For more details we refer to [4, Section 2]. Theorem 2.5. For a unital ring A, let C be an A-coring and Σ a right C-comodule. Consider the Morita context (2.11) associated to Σ. If there exists a firm ring R together with a ring morphism ι : R → Σ ▽ Q, such that R is a left T -module and ι is left T -linear, then the following statements hold. 
C is an equivalence.
Proof. (i). This assertion follows immediately by Corollary 1.21 (ii). (ii). Applying Theorem 1.19 (ii) to the R-reduced Morita context (R, S := ΣR
one concludes that the functor F := − ⊗ R Σ : M R → M S is fully faithful. Moreover, F factorizes as
The second and third functors act on the morphisms as the identity map, hence their composite is faithful, hence fully faithful. This proves that the leftmost arrow describes a full, hence fully faithful functor.
(iii). By part (ii) we know that the functor − ⊗ R Σ : M R → M C is fully faithful.
By assumption, also Hom C (Σ, −) : M C → M T is fully faithful. It was proven in [18] that this last statement is equivalent to the fact that the functor Hom
2.2.
A Morita context associated to a coring extension. If there are two corings D and C over unital rings L and A, respectively, such that C is a C-D bicomodule via the left regular C-coaction (i.e. D is a right extension of C in the sense of [5] ) and Σ ∈ L M C then, in addition to (2.4) and (2.11), we can associate to Σ a further Morita context
Here
op is the (opposite) endomorphism algebra of C as C-D bicomodule. The bimodule Q is a subset of Q in (2.11), for whose elements q the right L-linearity condition q(x)(cl) = q(x)(c)l holds, for x ∈ Σ, c ∈ C and l ∈ L. The connecting maps are expressed in terms of the connecting maps in (2.11) as
where a Sweedler type index notation c → c [0] ⊗ L c [1] is used for the D-coaction in C (implicit summation is understood). For an explanation of the categorical origin of this Morita context and explicit form of the bimodule structures we refer to [4, Proposition 3.1] . In order to generalize in Theorem 2.7 below some of the claims in Theorem 3.6 and Theorem 4.1 in [4] beyond the case when the connecting map is surjective (in particular when Σ is a cleft bicomodule), we need the following Lemma 2.6. Let C be a coring over a unital ring A and let R ⊆ * C be a (non-unital) subring. If C is a firm right R-module and the left regular R-module is flat, then every right C-comodule M is a firm right R-module, with action mr := m
[0] r(m [1] ).
Proof. For any M ∈ M C , there is a sequence of isomorphisms [1] ). The second isomorphism holds since R is a flat left R-module and the penultimate isomorphism holds since C is a firm right R-module.
The ring
C End D (C) op in the Morita context (2.15) is a (unital) subring of the ring
Obviously, the C-coaction
Theorem 2.7. Let D be a coring over a unital ring L, which is a right extension of a coring C over a unital ring A. Let Σ be an L-C bicomodule and consider the associated Morita context (2.15). Let R be a firm ring and a left ideal in Q L Hom D (D, Σ), such that the left regular R-module is flat and C is a firm right R-module. Then
is a natural isomorphism and the functor Hom
Proof. By Corollary 1.21 there exists an R-bimodule map
(with implicit summation understood), such that  r j r = r. We claim that the inverse of (2.18) is given by the well defined map
Indeed, the same arguments used to prove [4, Theorem 3.6] yield (2.19) N) , x ∈ Σ and r ∈ R, where the R-actions are induced by (2.17) . C is a firm right R-module by assumption. R is a non-unital subring in
In view of [4, Lemma 2.1 (2)], for any right C-comodule N with coaction ρ N and n ∈ N, r ∈ R, (can
Since N is a firm right R-module Lemma by 2.6, this shows that the range of can 
where W = W ⊗ W W , as before. If W is a firm ring (i.e. W = W ) then the adjunction (F Σ , G Σ ) reduces to (2.8). If we consider F Σ and G Σ as functors between M C and M W , the unit and counit are defined as
for M ∈ M C and N ∈ M W . Similarly, we define the unit ν Λ and the counit ζ Λ for the adjunction (F Λ , G Λ ).
The aim of Proposition 2.8 is to relate the functors
.e. to show that the outer triangle in diagram (2.22) is commutative upto a natural isomorphism. Proposition 2.8. For a unital ring A, let Σ and Λ be right comodules of an A-coring C and B ⊆ End C (Λ) and W ⊆ End C (Σ) as above. Then, for any right C-comodule M, there is a right W -module isomorphism 
Obviously, ω 1 is a right B-module map, ω 2 is right W -linear and ω 3 is W -W bilinear. By Lemma 1.14 (ii), Hom
Hence there is a well defined map
A routine computation shows that it is an isomorphism with inverse
This ends the proof. 
Therefore, F Σ is naturally isomorphic to the composite of the functors In [4, Proposition 2.7] we proved that, in the case when C is a finitely generated projective left A-module, the Morita context M(Σ) in (2.11) is strict if and only if the Strong Structure Theorem holds, that is, Hom C (Σ, −) : M C → M T is an equivalence. The aim of the rest of current section is to extend this result beyond the case when C is a finitely generated projective left A-module.
In order to apply the results of this section, in addition to Σ we need a second C-comodule. In what follows we give sufficient and necessary conditions under which the range B of the connecting map in the Morita context (2.11) has a B-C bicomodule structure such that the corresponding adjunction (F B , G B ) (see (2.22) ) is an equivalence. In the case when these conditions hold, we apply Corollary 2.9 to prove that also the adjunction (F Σ , G Σ ) is an equivalence.
Recall (e.g. from [29] or [28] ) that for a left module P over a unital ring A, the finite topology on
The left A-module P is said to be weakly locally projective if every finitely generated submodule of P has a dual basis in P × * P . Equivalently, if and only if * P satisfies the α-condition, meaning that the map Proof. For q ∈ Q, x ∈ Σ, b ∈ B and c ∈ C,
The first equality follows by the right C-colinearity of : q ⊗ x → q(x) and the form of the right A-action on * C. The second equality follows by the left A-linearity of b ∈ B ⊆ * C. The penultimate equality follows by the defining property of q ∈ Q while the last one follows by the form of the multiplication in * C. Since B is the range of , we conclude that
Thus F B • F B takes a firm right B-module N to the right B-module N, with action 
is injective, for any right A-module P . This is equivalent to assertion (ii) by [28, Theorem 2.58].
(ii)⇔(iii). This equivalence is proven in [28, Corollary 2.48 ].
(iii)⇒(iv). Since B has right local units, its left regular module is flat. The existence of the required B-C bicomodule structure on B follows by a rationality argument. By construction, the map : Q⊗ T Σ → B is a surjective B- * C bilinear map. Since Q⊗ T Σ is a B-C bicomodule, it is in particular a rational right * C-module. Hence, B being the image of the map , is a quotient of the rational * C-module Q ⊗ T Σ, and hence B is itself rational by [12, Proposition 4.2] . Therefore B is a B-C bicomodule and corestricts to a B-C bicomodule map.
(iv)⇒(i). By Lemma 2.10, F B has a left inverse F B . Composition F B • F B makes sense by Lemma 2.6. The proof is completed by computing the coaction on the right
The first equality follows by right C-colinearity of , and the second equality follows by the defining property of q ∈ Q. Hence, for b ∈ B and c ∈ C,
This proves F B • F B = M C hence the theorem.
For a unital ring A, let Σ be a right comodule of an A-coring C and let B := Q Σ be the range of the connecting map in the Morita context M(Σ) in (2.11). Assume that the equivalent conditions in Theorem 2.11 hold. Then B is a firm ring, and we can consider the B-reduced form of M(Σ)
where the connecting maps are given, for b, b, ∈ B, x ∈ Σ, q ∈ Q, by
On the other hand, under the conditions in Theorem 2.11, B is also a right Ccomodule, hence we can consider a Morita context M(Σ, B) as in (2.20) . In the next lemma we show that also the Morita context M(Σ, B) admits a B-reduced form. Proof. Note first that there is a well-defined map
That is, for all y ∈ Σ, the map γ(y) :
) is right C-colinear. Indeed, for q ∈ Q and x ∈ Σ, [1] .
The second and the last equalities follow by the form of the B-action on Σ. The third equality follows by the right C-colinearity of and the fourth equality is a consequence of the defining property of q ∈ Q. The penultimate equality follows by right A-linearity of the C-coaction on Σ. Next, since any morphism in End C (B) is right B-linear, the map β : Proof. In terms of the map γ in (2.25), put
It is an isomorphism with inverse
Indeed,
where in the penultimate equality of the second computation we used that a right Ccomodule map ξ is a right module map for B ⊆ * C, hence for all
By right C-colinearity of , Q ⊆ Hom C (Σ, B). Conversely, for any ζ ∈ Hom C (Σ, B) and y ∈ Σ, there exist (non-unique) elements q i ∈ Q and x i ∈ Σ such that B ∋ ζ(y) =
The first equality follows by the C-colinearity of ζ ∈ Hom C (Σ, B). The third equality follows by the C-colinearity of q i , for all values of the index i. In order to conclude the penultimate equality we used the defining property of q i ∈ Q, for any index i. This proves that Hom C (Σ, B) ⊆ Q, hence the obvious map
establishes an isomorphism. One checks easily that the isomorphisms α and β are compatible with the connecting maps (2.24) and (2.27). Thus in particular the ranges of the connecting maps (2.24) and (2.27) are coinciding (non-unital) subrings of the endomorphism rings End C (B) and T , respectively. That is, ( 
is an equivalence.
Proof. Since F B is an equivalence functor by assumption, so is its adjoint G B . By Lemma 2.12 B is a left ideal in Hom C (Σ, B)Hom C (B, Σ) and by assumption B is a firm ring. Thus the claim is an immediate consequence of Proposition 2.13 and Corollary 2.9.
If the functor (2.28) is fully faithful (as e.g. in Theorem 2.14) then Σ is a generator in M C . Under the conditions in Theorem 2.14, C is a flat left A-module (hence the forgetful fuctor M C → M A preserves and reflects monomorphisms) and (2.28) (thus also
is an equivalence. Hence Σ is a faithfully flat left W -module. Moreover, the following proposition holds. Proposition 2.15. In the situation described in Theorem 2.14, the functor − ⊗ W Σ : M W → M A has a right adjoint, the functor
Note that if W is a unital ring then the equivalence of the two forms of the functor in (2.29) is equivalent to finitely generated projectivity of Σ as a right A-module. If W is a firm ring and Σ is a firm left W -module, then this equivalence is equivalent to W -firm projectivity of the right A-module Σ by Theorem 1.20. 
where W = W ⊗ W W as before. By [27, Theorem 3.1 (i)⇒ (iii)] there is a natural equivalence
We conclude the claim by combining these isomorphisms.
Example 2.16. Let C be an A-coring that is locally projective as left A-module and put B = Rat( * C), the rational part of the left dual of C. In several situations B is dense is the finite topology of C. E.g. if C is a locally Frobenius coring as defined in [20] . If the base ring A is a PF-ring, then the definition of locally Frobenius coring is equivalent to the definition of a co-Frobenius coring. If A is a QF ring, then B is dense in the finite topology of * C if and only if C is a semiperfect coring [11] . Morita contexts of type (2.11) s.t.
is surjective onto B = Rat( * C) have been considered extensively in e.g. [10] , [12] , [3] and fit into the framework of this section.
Coseparable corings.
Recall that an A-coring C is said to be coseparable if and only if there exists a C-bicolinear left inverse µ : C ⊗ A C → C of the comultiplication ∆. If we denote γ := ε • µ : C ⊗ A C → A, which is an A-bimodule map, then the following identities hold, for all c, d ∈ C.
The following theorem extends [7, Theorem 2.6 and Proposition 2.7].
Proposition 2.17. Let C be a coseparable coring over a unital ring A. Then C is a firm ring. The categories M C and M C are isomorphic, as are the categories C M and C M. Moreover, for all P ∈ M C and Q ∈ C M, the natural morphism
obtained by composing the canonical monomorphism ι with the canonical epimorphism π, is an isomorphism with inverse
Proof. Take any M ∈ M C and define µ M : M ⊗ A C → M by the following composition.
Remark that by (2.30), µ C = µ. Let us check that µ M is an associative action, i.e.
, thus in particular µ is an associative multiplication for C. Indeed, for c, d ∈ C,
Next, let us prove that M is a firm C-module, that is, the induced mapμ M : M ⊗ C C → M is an isomorphism with inversē
For all m ∈ M,
On the other hand, for all m ⊗ C c ∈ M ⊗ C C,
This defines a functor Ξ : M C → M C acting on the morphisms as the identity. This justifies to denote from now on µ M (m ⊗ A c) = m · c. Conversely, take M ∈ M C . Since µ is right C-colinear, ∆ C is left C-linear. Hence we can define ρ M : M → M ⊗ A C as
One can easily check that (M, ρ M ) ∈ M C , thus we obtain a functor Γ : M C → M C acting on the morphisms as the identity. We leave it to the reader to verify that Ξ • Γ and Γ • Ξ are the identity functors on M C and M C respectively. Symmetry arguments prove C M ∼ = C M. To prove the final statement P ⊗ C Q ∼ = P ⊗ C Q, consider the following diagram, where the row and column represent respectively an equalizer and a coequalizer.
.
where we used (2.30) in the fourth equation. Therefore, we obtain by universality of the equalizer a unique morphism α ′ : P ⊗ A Q → P ⊗ C Q such that α = ι • α ′ . Furthermore, α ′ is a left inverse for ι, i.e. for all p ⊗ A q ∈ P ⊗ C Q,
Next we check that α ′ •(µ P ⊗ A Q) = α ′ •(P ⊗ A µ Q ). Take any p⊗ A c⊗ A q ∈ P ⊗ A C⊗ A Q, then we find
Since α and α ′ differ by the monomorphism ι, from universal property of the coequalizer we therefore obtain a unique morphism β : P ⊗ C Q → P ⊗ C Q such that α ′ = β •π. We then easily compute
Since π is an epimorphism, latter identity implies π • ι • β = P ⊗ C Q. Hence β is an isomorphism with inverse π • ι.
As explained in the introduction, the following theorem improves [28, Corollary 9.4], [30, 5.7, 5.8] , [10, Proposition 5.6] and is ultimately related to [26, Theorem I] . Let us emphasize that in the present version of the theorem no projectivity condition on the A-module C is requested.
Note that if an R-A bimodule Σ is an R-firmly projective right A-module then the R-bimodule map R → Σ ⊗ A Σ * , r → x r ⊗ A ξ r in Theorem 1.20 (iii) induces a (nonunital) ring map R → S := { xξ(−) | x ∈ Σ, ξ ∈ Σ * } ⊆ End A (Σ), r → x r ξ r (−).
Theorem 2.18. Let C be a coseparable coring over a unital ring A, R a firm ring and Σ ∈ R M C , such that Σ is an R-firmly projective right A-module. If R is a left ideal in T = End C (Σ), then the following statements are equivalent.
(i) can : Σ † ⊗ R Σ → C is surjective;
(ii) can is an isomorphism of A-corings; (iii) Hom(Σ, −) ⊗ R R : M C → M R is fully faithful; (iv) − ⊗ R Σ : M R → M C is an equivalence of categories.
Proof. Obviously, (ii) implies (i) and (vi) implies (iii). The implication (iii) ⇒ (ii) follows from the structure Theorem for firm Galois comodules, see Corollary 2.3 (vi).
We only have to prove that (i) implies (iv). Recall from Corollary 2.3 (v) that the functor − ⊗ R Σ : M R → M C has a right adjoint − ⊗ C Σ † . Applying Proposition 2.17, we obtain the following commutative diagram of functors.
We know from Proposition 2.17 that the vertical functors describe an isomorphism of categories, hence the horizontal functors establish an equivalence if and only if the diagonal functors do so. The diagonal functors are obtained by tensor functors between two module categories and can thus be obtained from the Morita context C = (R, C, Σ, Σ † , ▽, ), where the connecting maps are given by the formulae
Since R is a left ideal in End ′ ⊗ B a ′′ ) = aE(a ′ ) ⊗ B a ′′ (see [7] ). Furthermore, the category M C is known to be isomorphic to the category Desc(A/B) of descent data associated to the ring extension ι. Note that in this case End C (A) ∼ = { t ∈ A | t ⊗ B 1 A = 1 A ⊗ B t } is equal to B, hence by Theorem 2.18 we find that the categories M B and Desc(A/B) are equivalent by the functor − ⊗ B A.
More generally, let Σ ∈ B M A be a separable bimodule which is a finitely generated projective right A-module. Then the associated comatrix coring C = Σ * ⊗ B Σ is again coseparable (see [6] ). Since in this case B → End A (Σ), b → (x → bx) is a split extension of unital rings, we conclude that B ∼ = End C (Σ). Thus we find that the functor −⊗ B Σ is an equivalence between M B and the category Desc(Σ) of generalized descent data.
